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Abstract
We present the Lagrangian action which gives, being canonically quan-
tized, model of a particle on the noncommutative (NC) sphere. Noncom-
mutative geometry arises after taking into account the second class con-
straints presented in the model. There are several natural possibilities to
choose the physical sector variables, which leads either to commutative or
to NC brackets for space variables. It is shown that in the NC represen-
tation all information on the space variable dynamics is encoded in the
NC geometry. Potential of special form can be added without spoiling of
algebraic structure of the model, which leads to an example of quantum
mechanics on the NC sphere. Slightly modified action describes particle
on commutative sphere with a magnetic monopole at the center. It is
shown canonical equivalence (on the classical level) of this model and the
model of usual rotor. They correspond to different choice of the physical
sector variables of the underlying model or, equivalently, they are related
by (nonlinear) phase space transformation.
1 Introduction.
Recently it was demonstrated that quantum mechanics on non-
commutative plane can be obtained starting from some simple sec-
ond class constrained systems formulated in extended conguration
space [1-4]. In particular, there is a model which admits addition of
an arbitrary potential [4]. Being canonically quantized, it leads to
quantum mechanics with ordinary product replaced by the Moyal
product.
Here we demonstrate that the same procedure works for noncom-
mutative sphere in three dimensions [5-7]. Natural generalization of





−ijk _vivjxk − v2 + (x2i − 1)− V (v2)
]
; (1)
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where xi(); vi() are conguration space variables of the model
and ijk = [ijk]; 123 = 1. Dynamics is governed by second order
dierential equations, which is supplied by presence of the term
v2. We restrict ourselves by SO(3)-invariant potential V (v2). The
combination xivi is not included into the potential since it will lead
to deformation of constraint system algebra as compare with the
free case V = 0 (see below).
Our aim will be to show that this action describes dynamics of a
particle on the NC sphere.
The work is organized as follows. In Section 2 the model is dis-
cussed in the Hamiltonian formalism. The essential constraints of
the model are
Gi  pi + ijkvjxk = 0; i = 0; x2i − 1 = 0; xivi = 0; (2)
where (x; ) and (v; p) form canonical pairs. The constraints form
second class system, the corresponding Dirac bracket is constructed
and brackets for the phase space variables are presented in SO(3)
covariant form. Using the constraints Gi = 0 one can represent
one of the variables (x; v; p) through the remaining variables. It
leads to dierent representations for the model which are discussed
in Section 3. (x; p)-representation is characterized by NC space ge-
ometry and trivial dynamics for the corresponding space variables.
In (v; p)-representation the geometry can be maked commutative
by transition to the canonical variables, their dynamics is governed
then by nonlinear equations. In Section 4 we present and discuss
slight modication of the action (1) which describe particle on the
commutative sphere with a monopole at the center. In particular,
we show canonical equivalence of this model and the model of ro-
tor. In Section 5 some possible generalizations of the action (1) are
discussed.
2 Particle on the noncommutative sphere.
From the manifest form of the action (1) it follows that velocities do
not enter into expressions for denition of conjugated momentum
in the Hamiltonian formulation. On the rst stage of the Dirac
procedure [8] one nds the primary constraints
Gi  pi + ijkvjxk = 0; Ti  i = 0; pφ = 0; (3)
where pi is conjugated moment’s for vi while i corresponds to xi.
The Hamiltonian is
H = v2 − (x2i − 1) + V (v2) + iGi + iTi + pφ; (4)
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where  are the Lagrangian multipliers for the corresponding con-
straints. The constraints obey the following Poison bracket algebra
fGi; Gjg = 2ijkxk; fGi; Tjg = −ijkvk; fTi; Tjg = 0: (5)
Matrix composed from the brackets admits two null-vectors w1 =
(0; vj); w2 = (vi;−2xj), so the system (G; T ) involve two rst class
constraints of this stage: viTi and viGi − 2xjTj. From (3) one has
the consequences
vipi = 0; xipi = 0: (6)
On second stage of the Dirac procedure there are appear the equa-
tions
_pφ = 0 =) x2i − 1 = 0;
_Gi = 0 =) − 2(1 + V ′)vi + 2ijkjxk − ijkjvk = 0;
_Ti = 0 =) 2xi − ijkjvk = 0; (7)
where V ′  ∂V
∂v2
. From these equations one extracts three secondary
constraints
S  x2i − 1 = 0; S  xivi = 0;    +
1
2
v2i (1 + V
′) = 0; (8)
while the remaining equations involve the Lagrangian multipliers.
They will be resolved in the manifestly SO(3)-covariant form below.
On the next step there are arise equations for the Lagrangian
multipliers only
_ = 0 =)  + f; Gjgj + f; Tjgj = 0;
_S = 0 =) xii = 0;
_S = 0 =) vii + xjj = 0: (9)
which nishes the Dirac procedure for revealing of the constraints.
To determine the Lagrangian multipliers one has now the equations
(7), (9). Their consequences are
xii = xii = vii = vii = 0: (10)
Using these equations, one resolves Eqs.(7), (9) as
i = (1 + V
′)pi; i =  = 0: (11)
The Hamiltonian equations of motion for the model can be obtained
with help of Eqs.(4), (11). They will be discussed in the next section.
Since all the multipliers has been determined, the constraints (3),
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(8) form the second class system and thus can be taken into account
by transition to the Dirac bracket. After introduction of the Dirac
bracket corresponding to the pair pφ = 0;  = 0, the variables
; pφ can be omitted from consideration. The Dirac brackets for
the remaining variables coincide with the Poison one. To nd the
Dirac bracket which corresponds to the remaining eight constraints
one needs to convert 8  8 matrix composed from Poison brackets
of these constraints. To simplify the problem, we prefer to make
this in two steps: rst, let us to construct the Dirac bracket which
corresponds to the constraints Ga = 0; Ta = 0; a = 1; 2, and
then the bracket which corresponds to the remaining constraints
G3; T3; S; S. Consistency of this procedure is guaranteed by the
known theorems [9]. On the rst step one has the Poison brackets
fGa; Gbg = 2abx3; fGa; Tbg = −abv3; fTa; Tbg = 0: (12)
Then the intermediate Dirac bracket is





fGb; Bg − fA; Tag2x3
v23
abfTb; Bg: (13)
Now one can use the equations Ga = 0; Ta = 0 in any expression.
As a consequence, the remaining constraints can be taken in the
form
G3 = xipi = 0; T3 = 3 = 0;
S = x2i − 1 = 0; S =
1
x3
(v3 + J3) = 0; (14)
and obey the D1-algebra
fG3; SgD1 = −4x3
J3











; fS; SgD1 = 4x3p3
J23
; (15)
where Ji are the rotation generators: Ji  ijkxjpk. The correspond-
ing matrix can be easily inverted, and the nal expression for the
Dirac bracket is






































where all the brackets on the r.h.s. are D1-brackets. Note that
the complete constraint system (3), (8) is SO(3)-covariant. Conse-
quently, one expects that the nal expressions for the brackets can
be rewritten in SO(3)-covariant form also. It is actually the case.
For example, from Eq.(16) one obtains for the variables xi

























J2  J2i = p2i = v2i ; J23 − p2a = −x23p2i ;
x3p3pa − J3abpb + p2bxa = 0; (18)
which are true on the constraint surface (3), (8), the equations (17)
can be presented in SO(3)-covariant form
fxi; xjgD = 1
J2
ijkxk; i; j = 1; 2; 3: (19)
Other brackets can be computed from Eq.(16) in a similar fashion.
After tedious calculations one obtains the following result
fxi; xjg = 1
J2
ijkxk; fxi; pjg = 1
J2
Jixj ;
fpi; pjg = −1
2
ijkxk; (20)
fvi; vjg = −1
2
ijkxk; fvi; xjg = − 1
J2
xipj ;
fvi; pjg = 1
2
(ij + xixj): (21)
Since fxi; J2g = 0, the operator J2 can be included into redenition
of xi: ~xi  J2xi, then ~xi obeys SU(2) algebra f~xi; ~xjg = ijk~xk,
and is constrained to lie on the fuzzy sphere ~x2 = (J2)2. Quantum
realization and irreducible representations of such a kind algebraic
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structure were considered, in particular, in [6, 7]. One notes that the
algebra obtained (19) has much more simple structure as compare
with the one proposed in [6] from algebraic considerations.
Since the second class constraints were taken into account, one
can now use them in any expression. In particular, from Eqs.(3), (8)
it follows that as the physical sector variables one can choose either
(xi; pi) or (vi; pi), or (xi; vi). Relation between these representations
is given by the rst equation from (3), which can be written in one
of the following forms:
pi = −ijkvjxk;





Let us point that for any given choice, the remaining nonphysical
variable looks formally as the rotation generator in the correspond-
ing representation. The equations (22) relate dierent representa-
tions of the particle dynamics on NC sphere which are discussed in
the next section.
3 Three representations for the particle dynam-
ics on noncommutative sphere.
To discuss classical dynamics of the particle on NC sphere it will be
suciently to consider the free case V = 0. In what follows, we will
preserve SO(3) covariance which implies that two of the constraints
are not resolved in the manifest form. Note also that the variables
; pφ are trivially constrained  = 0; pφ = 0 and thus are omitted
from consideration.
Noncommutative (xi; pi)-representation. Taking x; p as
the basic variables, their algebra is
fxi; xjg = 1
J2
ijkxk; fxi; pjg = 1
J2
Jixj ;
fpi; pjg = −1
2
ijkxk; (23)
Equations of motion follow from (4), (11)
_xi = 0; _pi = ijkxjpk; (24)
and are accompanied by two constraints
x2i − 1 = 0; xipi = 0: (25)
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The physical Hamiltonian has the form (remind that p is noncom-
mutative variable) Hph = p
2+V (p2). One notes that fxi; J2g = 0, so
J2 can be absorbed into redenition of xi : ~xi  J2xi. The algebra
acquires then the form
f~xi; ~xjg = ijk~xk; f~xi; pjg = ijkpk;
fpi; pjg = − 1
2J2
ijk~xk; (26)
Commutative (vi; pi)-representation. In this case the bracket
algebra is
fvi; vjg = − 1
2p2
(vipj − vjpi); fvi; pjg = 1
2
(ij + xixj);
fpi; pjg = − 1
2p2
(vipj − vjpi): (27)
Equations of motion turn out to be nontrivial for both variables
_vi = pi; _pi = −vi; (28)
which implies v¨ + v = 0 for the conguration space variable. The
remaining constraints in this case are
v2i = p
2
i ; vipi = 0: (29)
Note that the representation turns out to be symmetric under the
change v $ p.
Let us compare these two representations of the particle dynam-
ics on NC sphere. Since the NC geometry has been obtained by
using of the Dirac bracket, there is exist canonical transformation
to new variables, in terms of which the bracket acquires the canoni-
cal form [9]. The corresponding theorem states that constraints of a
theory became a part of the new variables after this transformation.
Being applied to the case under consideration, it means that the
new variables will have the following structure:
(xi; i; vi; pi) =) (~xi = xi − ijkvjpk
v2
; i; ~v3; ~p3; ~va; ~pa); (30)
where ~va; ~pa are the physical variables with the canonical brackets,
in particular: f~va; ~vbg = 0. From the expression (30) one notes that
the theorem naturally selects (v; p)-representation for transition
to the canonical brackets, on this reason the name: \commutative
representation". From (28) it follows that the commutative coordi-
nates have nontrivial equations of motion (see also the next section).
In contrast, in the noncommutative (x; p)-representation the con-
guration space dynamics (24) turns out to be trivial. Thus, the
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noncommutative description implies that all information on the dy-
namics is encoded in noncommutative geometry. Similar situation
was observed for SO(n) nonlinear sigma-model in [10] and for the
Green-Schwarz superstring in the covariant gauge in [11].
(xi; vi)-representation coincides with (xi; pi)-representation.
4 Particle on commutative sphere with a mag-
netic monopole at the center and the Rotor.
In this section we show that slight modication of the action (1)
gives description for a particle with a monopole at the center of
the sphere [12]. It will be demonstrated also that this model is
equivalent to the model of usual rotor.
Let us consider the action (1) with the variables x and v inter-





−ijk _xixjvk − v2 + (x2i − 1)− V (v2)
]
: (31)
Canonical momentum for xi is denoted through pi while i corre-
sponds to the variable vi (the notations are opposite to the ones
adopted for the model (1)). In these notations analysis of the model
turns out to be similar to the previous case, so we present the nal
results only. The essential constraints of the theory are
Gi  pi + ijkxjvk = 0; Ti  i = 0;
S  x2i − 1 = 0; S  xivi = 0; (32)
and can be taken into account by transition to the Dirac bracket.
After that, dynamics of the model can be presented in one of the
following three forms.
(xi; vi)-representation. In terms of these variables the bracket
algebra is
fxi; xjg = 0; fxi; vjg = ijkxk;
fvi; vjg = ijkvk; (33)
while the equations of motion (free case) are
_vi = 0; _xi = −2ijkxjvk: (34)
They are accompanied by two constraints
x2i − 1 = 0; xivi = 0: (35)
For the physical Hamiltonian one has the expression
Hph = v
2 + V (v2) (36)
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The algebra obtained (33) corresponds to the particle on commu-
tative sphere with a monopole at the center (note the relations
(18))[12].
(xi; pi)-representation. In this case one has the brackets
fxi; xjg = 0; fxi; pjg = ij − xixj ;
fpi; pjg = −(xipj − xjpi): (37)
Equations of motion turn out to be nontrivial for both variables
_xi = 2pi; _pi = −2p2xi; (38)
which implies x¨i + 4p
2xi = 0 for the conguration space variables.
The remaining constraints in this case are
x2i − 1 = 0; xipi = 0: (39)
The equations (37)-(39) correspond to the model of rotor and can







_x2 + (x2 − 1)
]
: (40)
Thus we have demonstrated canonical equivalence of the models
(33)-(35) and (37)-(39). They correspond to dierent choice of the
physical variables in the underlying action (31). Equivalently, they
are related by the variable change vi = ijkxjpk.
Resolving the remaining constraints (39), it is not dicult to nd
the canonical variables of the model
xa = ~xa; pa = ~pa − (~x~p)
1 + ~x2
~xa; a = 1; 2; (41)
which obey f~xa; ~xbg = f~pa; ~pbg = 0; f~xa; ~pbg = ab. Their dynamics
is governed by the nonlinear equations
_~xa = ~pa +
(~x~p)
1− ~x2 ~xa;
_~pa = 0: (42)
Let us point that the relation established between the particle with
a monopole and the rotor allows one to construct NC quantum me-
chanics corresponding to the geometry given in Eq.(33) with the
nontrivial potential (36), following the same procedure as in [4]
(since the bracket kernel of (37) is degenerated, see Eq.(39), the star
product constructed using all six variables turns out to be nonasso-
ciative [13]). This subject will be discussed elsewhere.
(vi; pi)-representation. For these variables the algebra is (Ji 
ijkvjpk)




fpi; pjg = −ijkvk; (43)
while the equations of motion are similar to (x; v)-representation
_vi = 0; _pi = 2ijkvjpk: (44)
They are accompanied by two constraints
v2i = p
2
i ; pivi = 0: (45)
Comparing this representation with (x; p)-representation one ob-
serves the same property as for NC sphere: transition from com-
mutative description (37) to NC description (43) implies trivial dy-
namics for space variables in the latter representation.
5 Discussion
In this work we have presented the Lagrangian formulations for a
particle on the noncommutative sphere (1) as well as for a parti-
cle on the commutative sphere with a monopole at the center (31),
the latter is shown to be canonically equivalent to the model of ro-
tor. In both cases the desired algebraic structure (23), (33) arises
as the Dirac bracket corresponding to second class constraints pre-
sented in the model. After introduction of the Dirac bracket, the
constraints can be used to represent part of variables through the
remaining ones. There are exist several (SO(3) covariant) possi-
bilities to choose the basic variables, which leads to dierent rep-
resentations for the two models. In both cases there is exist the
\commutative representation" which is appropriate for determining
of the canonical variables starting from the known constraint sys-
tem. Using relation between NC and commutative representations
one is able to construct quantum mechanics which corresponds to
the NC representation.
In conclusion, let us point on possible generalizations of the model
(1). One possibility is to consider immersion of the model into a
locally invariant system. Let us omit the term (x2 − 1) in the
action (1). Then the formulation involves one rst class constraint
which corresponds to the local symmetry xi = γvi. Thus, one
is able now to consider dierent gauges of the model (x2 − 1 = 0
and v2 − 1 = 0 are equally admissible now). We suggest that it
can give unied description of the three models considered in this
work. Other possibility may be NC quantum mechanics on three-
dimensional plane. To construct it, one needs to modify the action
(1) in such a way that only primary constraints of the type (3) are
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generated and form the second class system. These problems will
be considered elsewhere.
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